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[ ]max min 0.15 0.15 0.15 0.15 94.20u u= − =

[ ]4 4 0 0ref =

1 0.05fu u= =
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Reliability R(t) is defined as the probability a priori that units, components,
equipments and systems will accomplish their intended function for a specified
period of time t under some operating conditions and specific environments [*].

R(t) = e−
∫ t
0
λ(t) dt

where λ(t) presents the failure rate.

Burn-in period

Useful life period

Wear out period

[*] I. Gertsbakh. Reliability Theory with Applications to Preventive Maintenance. Springer, 2000.

t

λ(t)
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Reliabilityy and Control ol theory

Actuators are subject to a variable control input during their life  
Applied load modifies the characteristics of actuators reliability
Failure rates are obtained under different load  levels

Impact on reliability
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Nominal Reliability

Failure rate

Load function

At time
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• Nominal system{
ẋ(t) = Ax(t) +Buu(t)
y(t) = Cx(t)

x(t) ∈ R
n

u(t) ∈ R
m

y(t) ∈ R
r

A ∈ R
n×n

B ∈ R
n×m

C ∈ R
p×n

Overactuated system

rank(Bu) = l < m Bu = BvB

⎧⎨
⎩

ẋ(t) = Ax(t) +Bvvd(t)
vd(t) = Bu(t)
y(t) = Cx(t)

vd ∈ R
l

Bv ∈ R
n×l

B ∈ R
l×m
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Control 

law

Allocation Plantr(t)

vd(t)

u(t)

y(t)

Problem description of Control Allocation 

How to allocate and distribute the desired efforts to the set of actuators?

u(t) =? ẋ(t) = Ax(t) +Bvvd(t)
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Allocation n problem actuatorss saturations

u∗ = argmin
u∈ψ

‖Wuu‖2
ψ = argmin

umin≤u≤umax

‖Bu− vd‖2

u(t) = W−1
u (BW−1

u )+vd(t)

min
u

J = ‖Wuu(t)‖2
s.t. Bu(t) = vd(t)

A simple control allocation method is the Pseudo-Inverse approach with the 
following explicit solution

a positive definite weighting diagonal matrixWu = diag([w1, w2, ..., wq]
T )
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Allocation problem m WITHH actuators saturations

Mixed optimization problem

u = argmin
umin≤u≤umax

(1− ε)‖Bu− vd‖2 + ε‖Wuu‖2

Fixed point algorithm (among 8 others) 

ε ∈ [0, 1]

uk = sat[(1− ε)ηBT vd + (Im − ηH)uk−1], k = 1, . . . , N

H = (1− ε)BTB + εQ2

Q2 = Wu(t)
TWu(t)

η = ‖H‖−1
F

sati(u) =

⎧⎨
⎩

ui, ui < ui

ui, ui ≤ ui ≤ ūi, i = 1, . . . ,m
ūi, ui > ūi

with

where
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Optimal approaches of Control Allocation or Reallocation Method

Optimization problem

gives some specific priority to the actuators

u∗ = argmin
u∈ψ

‖Wuu‖2
Wu

Choice of the weighting matrix

Generally, the current choice : 

A useful 
solution

Equal distribution
Heuristic priority of the actuators
Min and Max properties 

Wu = I

weighting matrix (Idea)!

is chosen in order to improve the system dependabilityWu
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Control law Allocation Plant

FDIWeighting 
algorithm

r(t)

vd(t)

u(t)
y(t)

f(t)

To summarize: For overactuated systems, the reconfigurable control allocation, or
called control re-allocation is to provide an admissible management of the redundant
actuators throughthe re-distribution of the desired control efforts among the remaining
healthy actuators.
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To increase system’s reliability, safety and capability, four additional actuators 
are added.

Why to modify the Qball-X4 ?

Top view

Side view
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X4

RX4
g (t) =

4∏
i=1

Ri(t)

RX8
g (t) > RX4

g (t)

X8

RX8
g (t) > RX4

g (t)

RX8
g (t) =

4∏
i=1

[1− (1−Ri(t))× (1−Ri+4(t))]

Ri(t) = e−λi×t
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The objective is to increase the global reliability of the system. This is achieved
by adjusting the weighting matrix W to penalize the least reliable actuators
and reduce their duties, and consequently increase the duties of the most
reliable actuators. To this end, the weighting matrix W is defined as:

Wu =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

λ1

λmax
· · · 0

. . .
...

λi

λmax

...

. . .

0 · · · λm

λmax

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

represents the maximal failure rate corresponding to
the least reliable actuator.

λmax
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Wu =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

λ1

λmax
· · · 0

. . .
...

λi

λmax

...

. . .

0 · · · λm

λmax

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

When then higher control input is allowed
for the ith actuator.

When then and the ith element of u(t) is more penalized
compared with the previous case: a lower control input is then allowed for the ith
actuator.

λi < λmax wi < 1

wi �→ 1λi �→ λmax
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Top Motors
M1 M2 M3 M4

Rate λi 10 ×10−3 6 ×10−3 2 ×10−3 5 ×10−3

Bottom Motors
M5 M6 M7 M8

Rate λi 1 ×10−3 4 ×10−3 3 ×10−3 2 ×10−3
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The system states 
remain similar in 
both cases a)W=I 
and b) W=f(R).

a)

b)
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The PWM control 
inputs are not the 
same a)W=I and 
b) W=f(R).

a)
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Without reliability analysis, the control inputs to the redundant
motors are the same.

With reliability analysis, the control inputs to the most reliable
actuators are larger than those to the least reliable actuators.

Top Motors
‖u1‖ ‖u2‖ ‖u3‖ ‖u4‖

Without reliability 2.106 1.642 1.603 1.656
With reliability 0.2654 1.1989 2.1720 0.8331

Bottom Motors
‖u5‖ ‖u6‖ ‖u7‖ ‖u8‖

Without reliability 2.106 1.642 1.603 1.656
With reliability 2.6541 1.7984 1.4480 2.0828

Top Motors
M1 M2 M3 M4

Rate λi 10 ×10−3 6 ×10−3 2 ×10−3 5 ×10−3

Bottom Motors
M5 M6 M7 M8

Rate λi 1 ×10−3 4 ×10−3 3 ×10−3 2 ×10−3
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The reliability of the Qball-X4 dramatically drops down (blue line) because
of the series configuration of its actuators and the lack of redundancy.

Actuator redundancy in the Qball-X8 greatly increases the overall system’s
reliability (green line). Moreover, taking into consideration the actuator
failure rates in the control allocation helps to further improve the global
reliability (red line).
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⎧⎨
⎩

ẋ(t) = Ax(t) +Bvvd(t)
vd(t) = Bfu(t)
y(t) = Cx(t)

• Faulty system

Bf = B(Im − Γ)

[*1] present an adaptive fault tolerant actuator allocation for overactuated plants using
an online parameter estimator coupled with an allocation algorithm to perform on-line
control reconfiguration whenever necessary.

[*2] handle control effector failures based on a one-line control re-allocation method
according to fault magnitude estimation .

[*3] for linear system or [*4] for nonlinear system have developed a real-time
reconfigurability of the control inputs with an exact penalty functions applied on the
weighting matrix Wu based on FDI module.

[*1] A. Casavola and E. Gerone. Adaptive fault tolerant actuator allocation for overactuated plants. In Proceedings of the 2007 American Control
Conference,New York City, USA, pp. 3985–3989, 2007.
[*2] Y. M. Zhang, V.S. Suresh, B. Jiang, and D. Theilliol. Reconfigurable control allocation against aircraft control effector failures. IEEE
International Conference on Control Applications, Singapore, Oct., pp 1197-1202, 2007.
[*3] T.A. Johansen, T.I. Fossen and P. Tondel. Efficient Optimal Constrainted Control Allocation via Multiparametric Programming. Journal of
Guidance,Control, and Dynamics, vol. 28, no. 3, 2005.
[*4] H. Alwi and C. Edwards. Fault tolerant control using sliding modes with on-line control allocation. Automatica, vol. 4, 2008, pp 1859–1866.

(
= Bfu

Cx
Bf

C
BfBf
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Control law Allocation Plant

FDIWeighting 
algorithm

r(t)

vd(t)

u(t)
y(t)

f(t)

• Faulty system Bf = B(Im − Γ)
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(Re)Allocation Solution with explicit solution

An optimal control (re)allocation method is defined as: 

Rg(t) = f(R1(t), R2(t), . . . , Rm(t))with

where

∀t Wu(t) = max
Rg>(RWu=I

g +ξ)
Rg(tm, (‖u‖2)2)

∀t ∈ [t, tm] Ri(t) = exp(−λi(t)(t− tm))

λi(t) = λ0
i (1 + βi(‖ui‖2)2)

u(t) = W−1
u (BW−1

u )+vd(t)

and

(‖ui‖2)2 = h(Wu(t), B, (‖Vd‖2)2)
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X8

RX8
g (t) =

4∏
i=1

[1− (1−Ri(t))× (1−Ri+4(t))]

Top, Bottom Motors
M1, 5 M2, 6 M3, 7 M4, 8

Rate λi 0.1 ×10−5 0.9 ×10−5 0.5 ×10−5 0.5 ×10−5
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Rg(tm = 300s, (‖u‖2)2) for t = 40, 000s

λ1 λ2

λ3 λ4

∀t Wu(t) = max
Rg>(RWu=I

g +ξ)
Rg(tm, (‖u‖2)2)

u(t) = B+Vd(t)
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Rg(tm = 300s, (‖u‖2)2) for t = 40, 000s

λ1 λ2

λ3 λ4

∀t Wu(t) = max
Rg>(RWu=I

g +ξ)
Rg(tm, (‖u‖2)2)

u(t) = B+Vd(t)
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Rg(tm = 300s, (‖u‖2)2) for t = 40, 000s

∀t Wu(t) = max
Rg>(RWu=I

g +ξ)
Rg(tm, (‖u‖2)2)

u(t) = B+Vd(t)

γ1 γ2

γ3 γ4
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Rg(tm = 300s, (‖u‖2)2) for t = 40, 000s

∀t Wu(t) = max
Rg>(RWu=I

g +ξ)
Rg(tm, (‖u‖2)2)

u(t) = B+Vd(t)

γ1 γ2

γ3 γ4
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(Re)Allocation Solution n WITHOUT T explicit solution

u∗ = argmin
u∈ψ

‖Wuu‖2
ψ = argmin

umin≤u≤umax

‖Bu− vd‖2

∀t Wu(t) = max
Rg>(RWu=I

g +ξ)
Rg(tm, (‖u‖2)2)

u

ψ
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105

A Lithium Polymer (Li-Po) battery supplies the power for all BrushLess DC motors
(BLDCMs).

Each motor is connected to the battery through an Electronic Speed Control (ESC).

The ESC adjusts the angular speed of the BLDCM by a control signal generated as
Pulse Width Modulation (PWM). The PWM is computed by the cascade control
loop of position and orientation of the multirotor.
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Electrical dynamics

( ) ( )

( ) ( ) ( )

( )( ) ( )( ) ( )

( ) ( )( ) ( )
0

int

3600

ln

batt
SoC

T

d batt
d

d d d
n

i
OCV SoC i SoC SoC SoC

i

batt OCV SoC d batt

I t
V t

C
V t I t

V t
R C C

V V t V V t V t

V t V V t V R I t

λ
=

⎧
=⎪ ⋅⎪

⎪
= − +⎪⎪ ⋅⎨

⎪
⎪ = +
⎪
⎪ = − −⎪⎩

∑
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Electrical dynamics

( ) ( )

( ) ( ) ( )

( )( ) ( )( ) ( )

( ) ( )( ) ( )
0

int

3600

ln

batt
SoC

T

d batt
d

d d d
n

i
OCV SoC i SoC SoC SoC

i

batt OCV SoC d batt

I t
V t

C
V t I t

V t
R C C

V V t V V t V t

V t V V t V R I t

λ
=

⎧
=⎪ ⋅⎪

⎪
= − +⎪⎪ ⋅⎨

⎪
⎪ = +
⎪
⎪ = − −⎪⎩

∑
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Evolution of battery voltage

Characteristic of battery voltage
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The battery SoH ( ) indicates
the degradation level or aging in the
battery.

The aging depends mainly on the
charges/discharges number .

The main phenomenon associated
with aging is the Capacity Loss
caused by the decrease of the
battery capacity .

( ) ( )

( )0

a cycle
cycle

init

T cycle

C N
SoH N

C

C C SoH N

⎧
=⎪⎪

⎨
⎪ = ⋅⎪⎩

: Capacity after 
charge/discharge cycle.

: capacity value when the battery is 
new.
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( )21
i i

i

batt batt E i

i E batt i f i fric
m

v Ri K

K i d D T
J

ω

ω ω ω

= +⎧
⎪
⎨

= − − −⎪
⎩

( )

6

1

2

i

i i

i

i

batt batt i

BLDCM batt i

batt BLDCM
i

i ref

v V Dc

I i Dc

I I

Dc f ω
=

=⎧
⎪

=⎪
⎪
⎨ =⎪
⎪
⎪ =⎩

∑
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To predict how the system will behave in the future in order to know if more stress or
changes in the nominal operation cause an acceleration to undesirable event and the
time when such event will occurs.

( )
ii f i aRUL t EoL t= −

Flight Endurance Prediction
Remaining Mission Time computation
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( )
( )

( )
( )

( ) ( ) ( )

( ) ( )( ) ( )
( ) ( ) ( ) ( )int

1 0
1

0 11

1

s

T cycleSoC SoC
batts

d d s
d d

d

SoC
batt OCV SoC cycle batt

d

T
C NV k V k

I k w kT
V k V k TR C

C

V k
V k V V k R N I k v k

V k

⎧ ⎡ ⎤
⎡ ⎤⎪ ⎢ ⎥+⎡ ⎤ ⎡ ⎤⎢ ⎥⎪ ⎢ ⎥= + +⎢ ⎥ ⎢ ⎥⎢ ⎥⎪ ⎢ ⎥−+⎪⎣ ⎦ ⎣ ⎦⎢ ⎥ ⎢ ⎥⎣ ⎦⎨ ⎢ ⎥⎣ ⎦⎪

⎪ ⎡ ⎤
⎪ ⎡ ⎤= − − +⎢ ⎥⎣ ⎦⎪ ⎣ ⎦⎩

( )
( )

( )

( )

0 1
0

0

1. Delay 

ˆ2. Recollect data until  
3. Define  and  to

                                    1

    and

                    ,

ˆ ˆ4. Estimate  with :

   

p

a

m

m
j m

j m
j

a

t

SoC t
H m

H t t

t t t t

Y SoC t t

μ δ δ δ δ δ

δ
=

⎡ ⎤= ⎣ ⎦

= = + ⋅ + + ⋅

=

∑

( ) ( )
( ) ( )

1T 1 T 1

2
0 0

0

ˆ                             

ˆˆ5. Verify R  to :  with : ,

ˆ6. Propagate : ,  until  to get Flight Endurance (FE)

                                         

a a

a

H R H H R Y

Y SoC t t t t

t t t EoD

FE t E

δ

μ δ

μ δ

−− −⎡ ⎤= ⎣ ⎦

=

= ( )

( )
7. Compute Remaining Mission Time (RMT)
                                      a

oD

RMT t EoD t= −

( )

( )

( )

1

1 1

ˆ

1 1

ˆ1. Initial value of  and 

2. To compute:       

,
                        

3. State estimate update:
ˆ ˆ                            ,

4. Error covariance matrix:
  

k k

k k

k k
k

k x x

k k k

x P

g x u
C

x

x f x u

−
−

−
− −

=

−
− −

∂
=

∂

=

( )

( )( )

1T T

                          
5. Kalman gain:

                            

6. State estimate measurement update:

ˆ ˆ                            ,

7. Error cov

T
k k k

k k k k k k

k k k k k k

P AP A Q

K P C C P C R

x x K y g x u

−

−− −

− −

= +

= +

= + −

( )
ariance matrix update:

                             k k k kP I K C P−= −
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An UAV hexarotor was considered.

The battery is fully charged and new, i.e. 
, and .

A circular trajectory was developed: area of 785400 m2 ; altitude of 20 m
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Minimal energy and time paths

Multi-Objective 
minimization problem:
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λ(t) = 0 λ(t)

r0 > 0 f(r)
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[5]
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[5]

d*i (t) i q*

(x*,y*) x*=1/n ∑xi and y*=1/n ∑yi δi(d*i (t)) 

δi(d*i (t))

Hc
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vx(t)
vy(t)

15s R1(n,r0)=10 18s R1(n,r0)=6
δi(d*i (t))

R(n,r0)
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[5]
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[5]

vi(t) = 0
vi(t) = constant
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wi = 0    i
wi = 1    i
wi = w* i
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W
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t = 20s
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t = 20s
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[8s,25s]
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[8s,25s]
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Faults
Faults

Faults
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Faults
Faults

Faults
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Faults
Faults

Faults

Actuators/Sensors reliability estimations on line

Uncertainties on failure rates

Link with maintenance constraints

………
Reliability

&
Controllability

Reliability



FTC MODEL

Health
FDI
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