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Introduction
Dual Quaternion Kinematics

Dual quaternions are a kind of dual numbers, composed by
quaternions as

d=q,+qu€, €#0, =0, (1)

where ¢q,, q,; € H are known as the real and dual parts of g4
respectively.
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Introduction
Dual Quaternion Kinematics

Supposing a rigid body is subjected to a rotation represented by a quaternion
q = cos (g) + Fzsin(g), DeR, i€ R3, followed by a translation T € R3 | then its
dual quaternion transformation can be expressed as

N 1
q=q+5q®Te, (2)

where ® is a quaternion product, and T can be considered as a quaternion
which real part equals zero.

x
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Introduction
Dual Quaternion Kinematics

The dual quaternion logarithmic mapping is defined as
1 1 1
lnﬁ:mq+ETe:§ﬁﬁ+5Ta (3)
The derivative of a unit dual quaternion is given bys

A

ge¢ (4)

N =

where
E=w+wxT+Tle, (5)

is known as the twist (combination of rotational and translational
velocities).
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Aerial manipulator dual quaternion modeling

dr=4quv®qc®qp, (6)
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Aerial manipulator dual quaternion modeling
Rigid body Modeling

According to Newton’s equations of motion:
Jo+wx(Jw)=1, mT=F
then, considering é: O+[wxT+wxT+Tle, it yields
3G ®¢

] | TN exJo+D+[JTTaxT-(x Jw) x T)
+wxT+m ' Fle

(7)
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Aerial manipulator dual quaternion modeling
Quadrotor subsystem

Considering the quadrotor as a symmetrical rigid body which rotates around its
center of mass, its dual quaternion dynamic model is then given by

&
Sv

1A A
Eqv®£u
Fy+1,

(8)

Where control and external forces are included in terms F, and i1,

_];l(wv x Jywy)
];lTV“'[m;va]G )
= 1, @u+Tarm)+m,' qe Fip® q* + §)le,

< ’Tj>
<
|

<

where w, is the vehicle’s angular velocity and T, defines its position with
respect to its local frame, J, denotes the quadrotor’s inertia matrix, m,
represents its mass, 7, F,, F;;, € R® correspond to the total torque, total force,
and vertical quadrotor thrust vectors respectively.
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Aerial manipulator dual quaternion modeling
Robotic arm subsystem

the total transformation of the arm’s end-effector can be computed
as

CA/f:Elv‘X"A]c@é]bv 9)
where g, represents the quadrotor’s transformation, g, is a

constant translation from the UAV’s center of mass to the first joint
of the robotic arm, and §; denotes the limb’s kinematics, such that

. 1
ir=4,24q,+5[9,24,8Tp+q,@ (T + Ty o qple.  (10)
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Aerial manipulator dual quaternion modeling
Robotic arm subsystem

Differentiating (10) results in

ar= 4,24,+4,24,+5(4,29,8T,+q,94,8Tp+q,2q,®T)
+q4,8(Tc+T)®q,+q,8T,9q,+q,9(Tc+T,)®q,le ’
(11)
Considering 4y = 54y ®¢y = &f =247 ® 4y, (10) and (11) can be
combined to obtain the total twist of the end effector.
Ef: qZ®wy®qb+wb+%[_Tbwa_Tbxng’wv@qb
—qZ@(TC+TU)xwy®qb+q2®wv®quTb+wb><Tb. (12)
+Th+q; 0w, x (T, +T)®q,+2q,®T,®q,le

Since all the arm links have constant length, 7}, = 0, therefore

ff_ qb®wy®qb+wb+[wbxTb+qb®wy®quTb
, o (13)
+qb®w,,x(TC+TV)®qb+qb®Tv®qb]e
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Aerial manipulator dual quaternion modeling
Robotic arm subsystem

Differentiating the twist of the main effector yields

éf:qZ@wy®quwb+qZ®wy®qb+wb
+[d)b>< Tb+qZ®wy®quwbeb
+C]; (d)vx (Te+Ty) +wy % TV)®qb ) (14)
+qb®w,,x(Tc+T,,)®quwb
+qb®T,,®quwb+qb®Tv®qb
+q; ® M, ® qp x Tple

The rotational and translational accelerations can be extracted from (14),
resulting in the following expressions

a')féqZ@wU®quwb+qZ®wy®qb+d}b, (15)

and
Tp2 gy o (1) + oy x (Te+ T) + @, x ) © g, (16)
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Aerial manipulator dual quaternion modeling
Robotic arm subsystem

Finally, the dynamic model of the aerial manipulator’'s end effector
is expressed as

q4,00,8q,+wp+31-Tyxw,—Tyx g} 8w, 84,
dlé —qZ@(TC+T,,)xwy®qb+q2®wy®quTb+wbeb
— ‘Zf]: +Tp+q 0wy x (Tc+T))®q,+2q, 0 Ty ® q,le
dt Sy
d)f+[d)f><Tb+qz®(wvX(T0+Tv)+Tv)®qwab+Tf]€' ’
(17)
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Aerial manipulator controller
Dual Quaternion Chattering-free Sliding-mode Controller

Given two dual vectors g = g, + 84¢ and f1, = h, + hge, let © be a product
between dual vectors defined as

goh=g -hy+8a-hge, (18)

note the output of product o is a dual number with scalar components.
Define a sliding surface with dual vectors as

?ZZI%a'lnfly+]%b'$y—’)>:’%u'éy"'iéh'ﬁm (19)

being k, and k; dual vectors containing positive constant entries.
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Aerial manipulator controller
Dual Quaternion Chattering-free Sliding-mode Controller

Define a function T': R® — R3, which bounds any vector into a sphere
respecting its original direction and modifying its magnitude in terms of
an arctangent function as

Ik =k %tan‘l (1111, (20)
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Aerial manipulator controller
Dual Quaternion Chattering-free Sliding-mode Controller

A dual scalar positive-definite function is then proposed as
V:%?G?:Vr+Vd€, V,, VeRY, (21)
such that its derivative is given by
V=foj= 2k Ing,+ky-&,) 0 (ka-Ev+kp- 1)), (22)
expanding (22) yields

V = (Kar7i0+ Kprwy + [Kaa Ty + Kpa Tye)
G(Karwv+Kbr];17v+ [KadTv+m;ledFv]€) (23)
(Karﬁﬁ"‘Kbrwv) : (Karwv +Kbr];17v) .

+[(Kaa Tp + KpaTy) - (Kaa Ty + my  KpaFy) €

Journée GT UAV 12 octobre 2018 22



S o utc @
heudiasyc oo et

Aerial manipulator controller
Dual Quaternion Chattering-free Sliding-mode Controller

Proposing the components of i, as

Ty = _]vKl;rl (Karw"‘Kcrr(Karﬁﬁ"'Kbrw)); (24)
and
Fy=-mKy}(Kaa Ty + Keal (Kag Ty + Kpa 7)), (25)
where k. denotes a dual vector positive gain such that
V = (K10 + Kprwy) - Key T (K 110 + Kppr )
—[(Kaa Ty + KpaTv) - Keal (Kaa Ty + KpaTo) e - (26)
= V,+ Vge

Note that V, and V; are negative definite scalar numbers. Since
V,,Vy>0VY iid,w,, Ty, T, Z0 and V,,V; <0 Y 7id,w,, Ty, T, #0, then
asymptotic stability is ensured for the quadrotor.
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Robotic arm dynamic effects

Figure : Aerial manipulatorsssfreesbody diagram. 24
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Aerial manipulator controller
Robotic arm dynamic effects

The total external torque 7,1, caused by the robotic limb can be
defined by the sum of each individual link’s torque

Tarm=TctTTp (27)

where 7. defines the torque induced by the constant link ¢, and 7,
denotes the torque produced by the mobile link b, and

To=Texmelq, ® §® qyl +wy x Jowy, (28)

the link’'s mass is symbolized by m., J. represents its inertia
matrix, and

Tp = (qp® Tp® Gy + Tc) x Mp G, ® §® Gy + Wy +wp) X Jp(wy +wp), (29)

where my, denotes the mass of the link, and Jj, is its inertia matrix.
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Aerial manipulator controller
Quadrotor Subactuation
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Aerial manipulator controller
Quadrotor Subactuation

Defining a desired quaternion which rotates the vehicle’s vertical trust towards
the control force as

0]
Fy x |0
I |

— , 30

- o (30)
Y «|o
I

If the desired rotation arround the z axis is defined with a quaternion q,,, then
q, is completed using a quaternion product

9va=49:4® 90 (31)

such that g,4 is used as the complete attitude reference to feedback the
rotational control
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Aerial manipulator controller
Dual Quaternion Inverse Kinematics

Let the desired transformation of the end effector be defined as
. 1
qfd=qfd+§qfd®de€ (32)

where T, and g4 denote the desired translation and rotation respectively.
The desired transformation g, where the quadrotor must converge can be
computed by
Gor=q4ra® 4, ®4c, (33)
with )
Gur = qur + thr ® Tyre, (34)
note T,, can be easily extracted from (34).

Since the desired attitude of the vehicle is defined by (31), then the total dual
quaternion reference for the quadrotor can be defined as

. 1
qvd = qvd t Equd ® Tyre. (35)
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Numerical Validation
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Numerical Validation
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Numerical Validation
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Numerical Validation
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Numerical Validation

1.0F s
Yr-1
-- Zpg

.
0.5k . D TS G

o
=)

|
o
=

Final Effector Position (Inertial Frame) [m]

Time [s]

Journée GT UAV 12 octobre 2018 34



%

. utc @
heudiasyc oo et

Conclusion

Dual quaternions provide a shorter expression for complex
transformations

This approach can be easily expanded for more arm joints
Dual quaternions and dual vectors simplify the development
of controllers

o Future work:

o Observers for torque uncertainties estimations
o Experimental validations
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